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Ab initio calculations of Curie temperatures in GdX compounds
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Abstract

We present calculations of Curie temperatures of selected GdX (X = Zn, Rh, Mg, Cd) compounds with a cubic CsCl structure. Exchange
interactions are obtained from ab initio electronic structure calculations in the framework of density functional theory. Critical temperatures
are evaluated using two approaches, namely the mean-field approximation (MFA) and a more involved, random phase approximation (RPA).
Calculated critical temperatures serve as theoretical upper estimate (MFA) and lower estimate (RPA) of an exact critical temperature given
by the Heisenberg model. Obtained results are in fair agreement with experimental values.
© 2005 Elsevier B.V. All rights reserved.
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. Introduction

Calculation of properties of solids at non-zero tem-
eratures from first principles is a difficult and not fully
olved problem in solid-state physics. Most ground state
alculations are based on density functional theory (DFT)
1] and local spin density approximation (LSDA)[2]. A
traightforward extension of DFT to non-zero temperatures
y Mermin [3] however fails within LSDA on the quan-

itative level. For example, for elemental ferromagnetic
etals Fe, Co and Ni, it largely overestimates the critical

emperatures. The main reason is, that it lacks a proper
escription of collective excitations—spin waves in these
ases.

Another way is based on a Heisenberg model Hamil-
onian. Zero-temperature DFT calculations allow to obtain
arameters of exchange interactions and finite-temperature
roperties can be studied in the framework of the Heisenberg
odel[4] using methods of statistical physics.

There are various approaches to extracting phy
properties from Heisenberg Hamiltonian. The simp
approach is the mean-field approximation (MFA). Howe
published results based on the MFA usually overesti
critical temperatures in comparison to experimental
ues [5]. These can be considered as an upper boun
exact solution of Heisenberg Hamiltonian. More invol
treatment is based on random phase approximation (
[6], which has been shown to be a lower bound of e
solution of Heisenberg Hamiltonian under the co
tions, that all exchange interactions are of equal
[7].

In this paper we present calculations of critical tem
atures of selected Gd-based binary compounds with
structure (GdX, X = Zn, Rh, Mg, Cd). First principles cal
lations are used to obtain parameters of Heisenberg Ham
nian. These parameters – exchange constants – are eva
up to rather distant neighbors. Recently, similar method
successfully applied to calculation of the Curie tempera
of bulk Gd within MFA [8]. In this work, we extend thes
results. Heisenberg Hamiltonian is treated in both MFA
∗ Corresponding author. Tel.: +420 22191 1352; fax: +420 22191 1617.
E-mail address: rusz@mag.mff.cuni.cz (J. Rusz).

RPA, taking into account interactions between all atoms in
the basis. To our best knowledge, this extension for more-
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atomic basis in the framework of RPA is presented for the first
time.

2. Details of calculations

We use classical Heisenberg Hamiltonian in the following
form:

H = −
∑
RR′

JRR′eR · eR′ , (1)

whereR labels sites of atoms in the lattice andeR is a unit
vector parallel to magnetic moment of atom at the siteR.

Exchange parameters are obtained using magnetic force
theorem applied to evaluation of energy changes due to
infinitesimal rotations of local moments with respect to the
ferromagnetic state[4]. This procedure in the framework of
tight-binding linear muffin-tin orbitals (TB-LMTO) within
the atomic spheres approximation (ASA) results in formula
[5]:

JRR′ = 1

8πi

∫
C

TrL[∆R(z)g↑
RR′ (z)∆R′ (z)g↓

R′R(z)] dz. (2)

Integration is performed along a contour in complex plane,
which encircles occupied part of valence band. The trace
sums over the angular momentum indicesL = (l, m). Quanti-
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Fig. 1. Dependence of calculated RPA critical temperature of GdCd on the
number of k-points in first Brillouin zone for different deconvolution param-
etersε.

whereδAB is Kronecker delta (δAB = 1 if A = B, zero other-
wise),JAB(q) are lattice Fourier transformed exchange con-
stants,q is a vector of IBZ. Details of derivation of Eqs.(3)
and(4) were published elsewhere[12].

The form of Eq.(3) is suitable for iterative methods. As
the starting values of mean values of moments we use MFA
results. RPA moments are usually similar to MFA moments;
RPA critical temperature is always lower than MFATC.

Calculation of integral in Eq.(3) is problematic due to the
divergence atq = 0. To overcome this difficulty we use an
analytic deconvolution method[5], where we replace matrix
N(q) byN(q) + z1 with z a small (in general complex) number
and 1 stands for unity matrix. One can easily verify that,

f (0) ≈ 4f (iε) − f (2iε) − f (ε + iε) − f (−ε + iε) (5)

up to the fourth order (ε is a small real number). The error
approaches zero asε approaches zero.Fig. 1shows conver-
gence of GdCdTC with respect to number of k-points in IBZ
for various values of deconvolution parameterε.

3. Results and discussion

Experimental and calculated critical temperatures of GdX
(X = Zn, Rh, Mg, Cd) are summarized inTable 1together
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RR′ (z) (σ =↑, ↓–spin index) and∆R(z) are connecte

ith so-called auxiliary Green functions and potential fu
ions, respectively, of the TB-LMTO-ASA method[9].

All electronic structure calculations are performed us
he TB-LMTO-ASA method[9]. Structure parameters we
aken from experiment[10]. To improve the description
f states beyond standard LSDA, the 4f electrons of Gd

reated using the open-core method due to their loca
haracter. This method usually performs better for rare-
ompounds than including 4f states into valence band, a
een shown for example, in Ref.[11].

In the RPA approximation, we obtain for ferromagn
tructures a set of self-consistent equations for mean v
f the reduced local moments in the vicinity of critical te
erature in the following form:

Sz
A

〉 = 2βC

3

(
1

Ω

∫
dq(N(q)−1)AA

)−1

, (3)

here
〈
Sz

A

〉
is a statistical mean value of reduced local m

etic moment (angular momentum vector of size one—
ectoreR) on sites with basis indexA, βC = 1/(kB TC) where
C is a critical temperature. Integration is performed (tak
n advantage of crystal symmetry) over irreducible wedg

he first Brillouin zone (IBZ). Elements of matrixN(q) are
efined using exchange constants and mean values of re

ocal moments as follows:

(q)AB = δAB

∑
C

JAC(0)
〈
Sz

C

〉 −
√〈

Sz
A

〉
JAB(q)

√〈
Sz

B

〉
,

(4)
d

ith mean values of reduced magnetic moments on both
lease note, that in our semi-classical treatment we rep
agnetic moment operators in Eq.(1) by vectors of size on
oreover, Eq.(3) is derived in the approximationT → TC and
s a consequence, the equality will not change, if we m
ly all magnetic moments by a same constant. This al
s to restrict the vector of reduced magnetic moments
f size unit. Therefore, the mean values shown do not de
bsolute mean values of moments near the onset of
agnetism. Their ratio is related to relative polarizatio

ndividual sites.
GdX systems are intermetallic compounds with lo

ange RKKY-like exchange interactions. In our calculatio
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Table 1
Calculated MFA and RPA critical temperatures and relative polarizations at individual sites of GdX (X = Rh, Mg, Cd, Zn) compounds

Experiment RPA MFA

a (nm) TC (K) TC (K)
〈
Sz

Gd

〉 〈
Sz

X

〉
TC (K)

〈
Sz

Gd

〉 〈
Sz

X

〉
GdRh 0.3435 24–29.5 21± 1 0.725 0.689 33.4± 0.5 0.780 0.626
GdMg 0.3808 119–120 85± 1 0.868 0.497 91± 1 0.876 0.482
GdCd 0.3731 254–265 92± 2 0.952 0.307 100± 1 0.959 0.283
GdZn 0.3602 268–270 107± 2 0.944 0.331 117± 1 0.952 0.306

we included exchange interactions between approximately
250 non-equivalent neighbors of each atomic site. This corre-
sponds to a cut-off distance of approximately 10a, wherea is a
lattice parameter.Fig. 2displays the dependence of calculated
Curie temperature on the cut-off distance for GdCd. This fig-
ure shows an importance to include into account interactions
between rather distant neighbors to obtain well-converged
results forTC in such metallic systems.

We see, that our results for GdMg and GdRh are in good
agreement with experiment. For GdCd and GdZn both RPA
and MFA underestimate the critical temperature by factor
of approximately 2.5 (within RPA). For the latter two com-
pounds, there was a difficulty in the treatment of d-states
of non-magnetic atoms within TB-LMTO-ASA method,
because both occupied 3d (4d) and unoccupied 4d (5d) bands
of Zn (Cd) are hybridized with other valence states near the
Fermi level. The TB-LMTO-ASA method offers however
only one set of basis functions of d-character per atomic
sphere. Detailed investigation of this issue is however beyond
the scope of this paper.

Most of recent calculations of critical temperatures usu-
ally neglect exchange interactions with non-magnetic atoms
in the basis. In our compounds, converged magnetic moments
on X elements are usually two orders lower than the magnetic
moment on Gd. This is reflected in two orders lower exchange
parameters between Gd and X in our treatment with reduced
m tem-
p nt we

F es of
G eters.
R ters
(

Table 2
Calculated MFA and RPA critical temperatures of GdX (X = Rh, Mg, Cd, Zn)
compounds, where all exchange interactions with X atoms were neglected

T
exp
C (K) T̃ RPA

C (K) T̃ MFA
C (K)

GdRh 24–29.5 – 16± 1
GdMg 119–120 60± 1 66 ± 1
GdCd 254–265 80± 2 89 ± 1
GdZn 268–270 93± 2 104± 2

calculated the critical temperatures again, while in this set of
calculations we completely neglected all exchange interac-
tions of Gd–X of X–X type. Our results are summarized in
Table 2. They show, that omission of non-magnetic elements
in calculations makes results worse and the difference is up
to 40% for GdMg. From these results we can conclude, that
including exchange interactions between all types of atoms
(even those with small induced magnetic moments) is impor-
tant. We note, that for GdRh we did not obtain a converged
solution of critical temperature, while neglecting Rh sites.
The reason is, that in such case maximum ofJ(q) occurs for
non-zeroq. This would indicate an appearance of a more
complicated magnetic structure than the ferromagnetic one
[11].

Although the results for GdRh and GdMg are in nice
agreement with experiment, for GdCd and GdZn we obvi-
ously reached the limitations of the TB-LMTO-ASA method.
These compounds require more careful treatment of their
electronic structure. Another direction for improvement of
our treatment (for all studied compounds) would be to go
beyond the open-core method within LSDA. One such possi-
bility would be to employ LDA + U method. These tasks are
left for future studies.

4. Conclusions
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see the legend ofFig. 1).
We calculated critical temperatures of selected G
ompounds within mean-field approximation and ran
hase approximation. Our results underestimate cr

emperatures, when compared to experimental results
he other hand, our results reproduce the trends observ
xperiment and are in better agreement with experiment
alculations neglecting non-magnetic atoms in the struc
e have observed the importance of including exch

nteractions between rather distant atoms into the treatm
etallic systems with exchange interactions of RKKY ty
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